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TWISTING HERMITIAN AND HYPERCOMPLEX 

GEOMETRIES 

ANDREW SWANN 

Abstract. A twist construction for manifolds with torus action 
is described generalising certain T-duality examples and construc- 
tions in hypercomplex geometry. It is applied to complex, SKT, 
hypercomplex and HKT manifolds to construct compact simply- 
connected examples. In particular, we find hypercomplex mani- 
folds that admit no compatible HKT metric, and HKT manifolds 
whose Obata connection has holonomy contained in SL{n,M). 
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1. Introduction 

The study of special metrics compatible with one or more complex 
structures has a long history. The most widely studied case is that 
of Kahler metrics, where the Levi-Civita connection also preserves the 
complex structure; here there is a rich plentiful source of examples, 
although there are complex manifolds that admit no Kahler metric. 
However, the analogue of this situation for two anti-commuting com- 
plex structures, namely hyperKahler geometry, is very restrictive and 
only a limited number of compact examples are known. Thus from 
the mathematical point of view, weaker compatibility conditions are of 
interest. On the other hand, models from theoretical physics, particu- 
larly in the presence of supersymmetry, lead to complex structures and 
metrics with potentially less restrictive constraints [151 [35]. In general, 
it is not hard to weaken the formal definitions, but then the question 
remains whether these really lead new structures and how one might 
construct examples. In this paper, we present a general construction 
that from a manifold with torus symmetry produces a new manifold, 
the twist, and show how geometric data may be moved through this 
construction. We then specialise the construction to complex and hy- 
percomplex geometry, using it to construct examples that are compact 
and simply-connected. 

In outline the twist construction we describe is as follows. Consider 
a manifold M with an action of an n-torus Tm- Suppose P M 
is a principal T"-bundle with connection. If the TM-action lifts to 
P commuting with the principal action, then we may construct the 
quotient space 

W = P/Tm. 

Furthermore, if the lifted T/v/-action preserves the principal connection, 
then tensors on M may be transferred to tensors on W by requiring 
their pull-backs to P to agree on horizontal vectors. In this way, an 
invariant geometric structure on M, such as complex structure or a 
metric, determines a corresponding geometric structure on the twist W. 

Essentially this construction was considered mathematically by Joyce 
|23) in the context of hypercomplex manifolds using instanton con- 
nections. For the special case of circle actions and instanton connec- 
tions this was specialised to hkt metrics for hypercomplex structures 
by Grantcharov & Poon [2T]. As demonstrated in [36], specific non- 
compact examples in the hkt context include the T-duality construc- 
tion evoked by Gibbons, Papadopoulos & Stelle [l8j based on the a- 
model duality of Buscher [8] (cf. [H [32l [41]). The construction we 
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present is more general, applying in principle to any geometric struc- 
ture, but even in the hypercomplex or HKT case we will see that the 
instanton condition can be relaxed with advantage. Furthermore, in 
many situations the T"-twist construction is not equivalent to n invo- 
cations of the S'^-twist. Versions of the S'^-twist have been announced 
and discussed in [36l [37] and applied to almost quaternion-Hermitian 
manifolds in [27]. 

We start the paper by discussing the general framework for the twist 
construction. In particular, we study in detail the problem of lifting 
the Tm action to the principal bundle P, ^ and invoke the topological 
results of [24|- The twist construction itself is described in ^ We show 
how tensors and almost complex structures may be moved through the 
twist construction, and study the effects on the exterior derivatives of 
forms and integrability of complex structures. In the latter case, we 
see the instanton condition is not the most general requirement, in 
line with the constructions of Goldstein & Prokushkin [19]. As the 
twist W is constructed as a quotient it is potentially singular. For our 
applications, we are only interested in smooth manifolds, but many of 
the results extend without change to the orbifold case. 

In ^ we apply the twist construction in the context of Hermitian 
geometry. We concentrate mostly on the case of SKT manifolds, strong 
Kahler manifolds with torsion. These are characterised by dduj = 0, 
where uji is the Kahler form. Gauduchon [16j showed that any compact 
Hermitian surface admits such a metric, but in higher dimensions the 
condition more complicated. The SKT structures on six-dimensional 
nilmanifolds were classified by Fino, Parton & Salamon pj], however 
these are not simply-connected. Grantcharov, Grantcharov & Poon 
[20] used torus bundles to provide six-dimensional examples. Using the 
instanton case, we reproduce their examples via the twist construction, 
extending them to higher dimensions, and point out how a number of 
relatively explicit examples may be produced. We also show that the 
non-instanton case gives rise to further compact simply-connected SKT 
manifolds. This section closes with a discussion of the behaviour of 
complex volume forms. Note that other known compact examples of 
SKT manifolds include even-dimensional compact Lie groups [34] and 
certain instanton moduli spaces [26l [lO], and that Fino & Tomassini 
[T4] have recently shown that the SKT condition is preserved by blow- 
up. 

The final part of the paper, ^ concerns hypercomplex and HKT 
geometry. Hypercomplex manifolds carry two anti-commuting com- 
plex structures; the HKT condition on a compatible metric may be 
expressed via a simple first order relation on the exterior derivatives 
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of the corresponding Kahler forms, equation (I5.ip . The HKT condition 
implies that there is a unique connection preserving the metric and 
the complex structures, with torsion determined by a three-form. This 
geometry was originally introduced by Howe k. Papadopoulos [22] in 
the physics literature and the paper of Grantcharov k. Poon [2T] gave a 
mathematical description and several constructions. We now know that 
HKT structures behave in many ways as a good quaternionic analogue 
of Kahler geometry. In particular, there is a potential theory |2], a 
version of Hodge theory [38] and some work towards Calabi conjecture 
types of results [1]. However, the strongest versions of these results 
require a reduction of the holonomy of the hypercomplex structure: 
there is a unique torsion-free connection, the Obata connection, that 
preserves the given complex structures, and the requirement is that 
its holonomy should be contained the subgroup SL(n, H), consisting of 
the invertible n x n quaternion matrices GL{n, H) C GL^in, M) that 
preserve a real volume form. 

In [39], Verbitsky used instanton connections on vector bundles to 
construct compact HKT manifolds, however these have infinite fun- 
damental group. We show in §5.11 that the instanton version of the 
twist construction leads to many simply-connected examples. We also 
demonstrate that, at least locally, HKT metrics may be produced from 
non-instanton twists. 

Using instanton twists, we show in §5.21 that there are non-trivial 
HKT metrics on compact simply-connected manifolds such that the 
Obata holonomy lies in SL(n, H). Barberis, Dotti & Verbitsky [3] re- 
cently provided similar examples on compact nilmanifolds, but these 
have infinite fundamental group. 

Finally, we construct via non-instanton twists examples of compact 
simply-connected hypercomplex manifolds in all allowable dimensions 
that do not admit a compatible HKT metric. Examples with infinite 
fundamental group were previously constructed on nilmanifolds in di- 
mension 8, Fino & Grantcharov [12]. 
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2. Lifting Abelian actions 

Let A"' be a connected Abelian Lie group of dimension n. Suppose 
that tt: P ^ M is a principal A^-bundle with structural group Ap. 
Write ap for the Lie algebra of and let p: ap ^ ^(-P)? Y pY , he 
the vector fields generated by the principal action. 

We now assume there is an action of Am = A^ on M and write 
: ttM X{M) for the infinitesimal action. If ^ G f2^(P, Op) is a 
connection one-form on P with curvature F G fi^(M, Op), tt*F = d6, 
we wish to determine conditions so that the ^M-action is covered by an 
Abelian Lie group action on P preserving 6 and commuting with Ap. 
We will use X to denote the horizontal lift of X e TM to ^ = ker 6' C 
TP. _ 

First consider the problem of lifting to an M" = ^"-action. Such a 
lift is given by a map : X(P) . 

Proposition 2.1. The AM-action induced by ^ lifts to an W^-action 
preserving the connection form 9 if and only if 

(i) L^F = 0, 

(ii) J F] = G H^{M, ap ® a^^) and 

(iii) = 0. 

Moreover, if Am is compact, then condition (Iml) is redundant. 
Proof. Write 

i = ^ + ap (2.1) 

for some a G fi°(P, ap (S> a^), where ^ is the horizontal lift and p is 
regarded as an element of X(P, a*p). The condition that ^ preserves 9 
gives 

Q = L.0 = ijd9 + d{ij9) =i^TT*F + d{apj9) = tt* j F) + da. 

Thus da = — vr*(^ ->F). The first consequence of this is that n*{L^F) = 
7r*(c?^ -iF) = —d'^d = 0, giving condition We also find differentiat- 
ing in the vertical directions that pa = p jda = —pjT:*d{^ jP) = 0, 
so a is constant on fibres and is the pull-back of a function a G 
fi°(M, ap®a*M): 

^ j9 = a = n*a. 

We now have 

da = -^jF (2.2) 

so the class j P] is zero in H^{M, ap (S> a^^), which is condition (Jnj). 

It remains to show that ^ : aM ^ X{P) is a Lie algebra homomor- 
phism. As we are working with Abelian groups, this is the same as 
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[^^, ^y] = for all X,Y e Um- We have 

[ix, iv] = [fx, fy] + [axp, ^y] + [fx, ayp] + [axp, ayp]. (2.3) 

The last term vanishes since ap is Abelian and pa = 0. For one of the 
middle terms, we have 

7i"*[axP,fy] = [0,^y] = 0, 
so the horizontal part is zero, and the vertical part is determined by 

9{[axp,iY]) = -d9{axP,iY) - fy(ax) 

= -i7c*F)iaxP,iY)-7i*i^Yax) 
= 7c*{F{^x,^y)). 
As Um is Abelian, the first term in (12.31) has 

M[ix,iY]) = [^x,^Y]=0 and e{[ix,iY]) = -n*iFi^x,^Y)). 
Putting these together we get 

Oi[ix,iY])=7r*iFi^x,^Y)), 

whilst the horizontal part is zero. This gives condition Now note 
that F{^x,^y) = -daxi^Y) = -L^^ax, so (i(F(^x,Cy)) = -L^ydax = 
L^y{^x -> F") = 0. This shows that F{$,x,C,y) is constant. When Am is 
compact, each component of ^y^x has a zero on each ^M-orbit, e.g., 
at a maximum of the component of ax, so the constant F{^x,^y) is 
zero. □ 

Note that the lift is not unique, depending instead on a choice of 
a G fl^{M, Op ® a^/) in equation (12. 2p . In particular, if M is compact, 
we can add a constant element of ap ® to a to ensure that a is 
invertible. 

Suppose F is a closed 2-form with values in M" = ap. 

Definition 2.2. We say that an A^y/z-action is F-Hamiltonian if it sat- 
isfies conditions ^ and ^ of Proposition 12. 1[ 

2.1. Topological considerations for torus actions. In construc- 
tions with A" = T" an n-torus, we would like have as starting data a 
manifold M with TM-action and a 2-form F G f2^(M, t„) that is Tm- 
invariant. We then wish to construct a principal T"-bundle P with a 
connection 6 whose curvature is F in such a way that Tm lifts to a 
T"-action on P preserving 9 and commuting with the principal action. 

First, ignoring the Tjvf-action we need F to be a closed form with 
integral periods, we write this as F G f2|(M, t„). We then have that 
[F] G i/2(]Vf,Z") ®M C H'^{M,Q and by Chern-Weil theory we can 



TWISTING HERMITIAN AND HYPERCOMPLEX GEOMETRIES 



7 



find a principal T"-bundle P with Ci(P) (g) M = [F] and connection 9q 
on P with (IOq = tt*F. Let us write = t„ /A„ and Tm = W /Am, so 
A„ ^ Z" = Am. 

The question of equivariantly lifting the TM-action to P is mostly 
clearly addressed in [24j. The main tool used is the spectral sequence 
of the fibration 

M — ^ Mg — > BG, 

where G = Tm, EG = (5°°)" = (colimS'^)" ^ BG = BTm = CP(oo)" 
is the classifying space and Mq = EG Xq M. It is shown that the 
TM-action lifts to P if and only if Ci(P) G H'^{M, A„) is TM-invariant 
and lies in 

E'J = kei{ds: E'/ E'/) C kei{d,: E'/ E'/). 

Since Tm is connected it acts trivially on if'^(M, A„), so the invariance 
of Ci(P) is automatic, and the locally constant presheaf iT'(M, A„) over 
the simply-connected space BG is constant. We thus have 

£;f'« = i7P(PTM,i/nM,A„)) 

_ (hi{M, A„) ®z S^AIj, for p = 2A; ^ even, 
[ 0, otherwise. 

This gives immediately that = 0. Since E^''^ = ker((i2: E^'^ 
Ef+''''-')/im(d2: ^r'''^' ^ ^2''), we have 
E'J = Er = ker{d,:Er^El^') 

= ker(rf2: H\M , K) ^ H\M , K) ^z^m)- 
Tensoring with M, the map d2 is given by 

{d^)[F] = [i^F]eH\M,ir,®ilj) 

when F is TM-invariant. 

If the TM-action is T-Hamiltonian (Definition 12.21) . then we have 
[^j-F] = and the class d2{ci{P)) is torsion in if^(M, A„) ®i A*^. 
However, H^{M, Z) is isomorphic to the torsion-free part of Hi{M, Z), 
so d2{ci{P)) = 0. Thus the TM-action lifts to P covering the action 
on M. The lifted TM-action will not necessarily preserve 6^0, but aver- 
aging ^0 over the lifted Tm gives an invariant connection form 6 still 
with curvature F. 

In summary, we have: 

Proposition 2.3. Suppose M admits an F-Hamiltonian TM-action 
for some closed 2-form with integral periods F G f2|(M, t„). Then 
there is a principal T"- -bundle P ^ M which admits 
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(i) a TM-action of the n-torus Tm commuting with the principal 
action, covering the TM-action on M , and 

(ii) a TM-invariant T^-connection 6 on P with curvature F . 

In fact, such a lift exists for any T'^-hundle P with Ci(P)®M = [F]. □ 

The lifts above are not unique: when lifting to an M"-action, there 
is an ambiguity in a G fi°(M, tp®t^) as one may add any constant 
element of A G tp ® to a. Given a torus lift, the integrality condition 
A G Ap ® Z leads to a new such torus action on P. If the TM- 
action on M is free, then each of these lifts Tm is free on P. Allowing 
A G Ap ® h*^j ® Q leads to torus actions on P whose infinitesimal 
generators map to those on M under vr,, and which cover the action of 
a finite cover of Tm- 

3. Twist construction 

Suppose M is a manifold with an effective F-Hamiltonian A^-action 
where F G f2|(a„). Let {P,9) be a principal ^"-bundle with curva- 
ture F and an ^M-action preserving 6 and covering the A^j-action in- 
finitesimally. Here Am is some connected Abelian group covering Am- 
Assume that Am acts properly on P; and that Am is transverse to 

^ = ker e. 

Then Am has discrete stabilisers and P/Am has the same dimension 
as M. This transversality is the same as requiring a G fl^{M, ap ® a^) 
in (12 ■2p to be invertible. If M is compact and A" = T*^ is a torus, 
then the discussion of the previous section shows that there is always a 
proper lift and that we may add a constant rational element of Op ® a*M 
to a to ensure that G f2°(M, aju ® dp) exists. 

Definition 3.1. A twist of M with respect to Am, F and invertible a, 
is the quotient space 

W = P/Am. 

We say that TV is a smooth twist if is a manifold. 

For torus actions, a twist W will at worst be an orbifold under the 
assumptions above. We are interested in constructing smooth mani- 
folds and will therefore only discuss geometric structures in the case 
of smooth twists, however many of our results will carry over to the 
orbifold case without modification. Note that the following example 
shows that smooth twists may not exist. 

Example 3.2. Suppose M = CP(n) with circle action 

[zo,...,^„]^^[e2-"«%,...,e2-""V]. 
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The canonical circle bundle over CP(n) is 5*^"+^ C C"+^ with principal 
action z i— The lifted action 

is free only if /c = — |(Aj + A^) for all Aj 7^ Aj, which in general is 
impossible. <^ 

In the case that the lifting function a is non-constant, we can not 
consistently identify Im and tp, and so twisting with Tm can not be 
reduced to repeated twists by circle subgroups via circle bundles. 

3.1. Geometric structures. Returning to a smooth twist of a 
general M, we have projection maps 

M P W. 

Our assumptions imply that both maps are transverse to the distribu- 
tion ^ . We use this to relate objects on M and W . Invariant vector 
fields may be transferred simply by lifting horizontally and projecting. 

Definition 3.3. Two (p, 0)-tensors a on M and aw on W are said to 
be -related^ written 

a ^ ay/i 

if their pull-backs to P agree on , i.e. 7r*a = vr^a^ on M'. 

Lemma 3.4. Each invariant p-form a G Q'^i^M)'^'^' is J^-related to a 
unique p-form aw G Q^(W) given by 

T^w^w — — 6* A n*{a^^^ J a). 

Note that A^-invariance of a is a necessary condition. 

Proof. The form vr^a^ may be decomposed with respect to 6 and 
as an element of + ^ A VL^'^ , a*p) . By definition the first 

component is ■K*a\ we write the second as 6' A /3. Using (12. ip . we now 
compute 

= e J vr;;^.a^ = e J vr*a + e A /3) 

= |j7r*a + a^(p)/5-^Af j/3 

= 7r*(eja) + (7r*a)/3-^^A(ej/5), 

since 6* o p is the identity on ap. Considering horizontal vectors, we 
have /? = — 7r*(a^^^ ja) and the result follows. □ 

Corollary 3.5. // g is an invariant metric on M then the unique 
metric gw on W M' -related to g is given by 

T^w9w = - V 7r*(a- V) + 9\*{{a-'fg{^ ® 0)- 

□ 
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Corollary 3.6. Suppose a ^ aw- Then 

daw da — a~^F A ^ j a. 

Proof. Computing directly, we have 

'K'^da-^ — dirlYCKw ~ d{n*a — 9 A 7i*{a^'^^ j a j) 

= Tr*{da -FA a"^^ j a) + 6' A 7r*(d(a"^^ j a)) 

which agrees horizontally with the claimed result. Vertically we have 
9 wedge the pull-back under n of 

—a~^da A^ ja + a~^d{^ ja) = a~^^ j F A ^ j a — a~^^ j da) 

= -(a"^^ ^{da - a~^F A ^ j a)), 

since L^a = 0. The result now follows. □ 

Thus the invariant part of the exterior algebra of W may be regarded 
as the invariant exterior algebra of M with the twisted differential 
d- a-^F Ai^. 

3.2. Duality. Let us now show that W is dual to M in the sense that 
M may also be obtained from W via a twist. The distribution ^ on P 
is transverse to the action of Am- If Am acts freely we have a principal 
bundle Am — > P — > VF. Its connection form corresponding to is 

9w = 'K*{a-^)9, 

as may be seen by writing 9w = f9, for some / e f^°(-P, O-m ® cip), and 
enforcing the condition 9wiO — id on au- This has curvature 

n:;yFyy = 7r*{a-^F) - 7r*(a-Ma a"^) A 9, 

which is simply the two-form Fw that is ^-related to F. Since Ap 
commutes with Am, it descends to an action of an Abelian group Aw 
on W preserving Fw- Write C- X{W) for the infinitesimal 

action of Aw, so ( = nw o P- This action is Fvi/-Hamiltonian with 
C-iFw = —d{a~^). The original manifold M is obtained by twisting 
W with respect to Aw and Fw using a~^. 

3.3. Lie brackets and complex structures. Tangent vectors X 
on M and Xw on W are said to be J^-related if their horizontal lifts 
to Jif agree. Writing'^ for the horizontal lift from W, this says, 

Xw — X . 

Lemma 3.7. Lie brackets between J^f -related vector fields are related 
by 

[Xw, Yw] [X, y] - ^a~'F{X, Y). 
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Proof. Lifting [X, F] horizontally gives the horizontal part of [-^,^]. 
The vertical part of this last Lie bracket is p7i*F{X,Y), so 

\X^] = [X,Y]-p7r*F{X,Y). 

Similarly, 

[XiY, Yw] = [Xw, Yw] — ^h^Fiy{Xiy, Yw) 

= [Xw,Yw] - + ap)n*{a~^F + a-^daa-^ A 9){X^,Yw) 
= [Xw,Yw] - {7f*{^a-'F)+pn*F){X^,Yw), 
from which the result follows. □ 

Almost complex structures may now be ^-related in a similar way 
giving 

= InA. (3.1) 
For a p-form a and an index k we write 

I{k)a{Xi, . . . , Xp) = -a{Xi, . . . , IXk, . . . , Xp) 

and I{ab...c) = I{a)I{b) ■ ■ ■ I{c)- This convention ensures that Ii^j^'^Jq^^'^q. — 
{IJ)(k)Ci, but is the opposite of the usual convention in complex geom- 
etry. In particular, A^'° becomes the (— z)-eigenspace for /(i). 

Proposition 3.8. The Nijenhuis tensors of Jif -related almost complex 
structures I and Iw (ire related by 

Ni^ Ni + {1- (3.2) 

where T = ^a~^F e T{TM ® A^T*M) and Ci = /(12) + /(13) + /(23)- 

Proof. This follows directly from the definition X/(X, Y) = [IX, lY] — 
I [IX, Y] - I[X, lY] - [X, Y] and Lemma EJl □ 

Note that £/ acts on TM O A'^T*M with eigenvalues -3 and +1. 
The (-3)-eigenspace is |Ti'° (g) A°'2], where (Vj^C = V + V. We 
thus see that if F is of type (1, 1), then twisting preserves integrability. 
However, it will be important for us that other choices of F can also 
give integrable complex structures. 

To understand the integrability better, fix a point x e M, let = 
im^ C Ta,M and put = £/ H Is/. Define s = dimc^ and r = 
dimR For a basis ei, . . . , e„ of write Xj = ^xi^i). Using £/i ^ 
£/ ^ T^M, we may choose this basis so that 

(i) Xi, . . . ,X2s is a complex basis of s^j, with /X2j_i = X2j, for 
j = l,...,s, 

(ii) Xi, . . . , Xr is a basis of and 

(iii) Xr+i, . . . , Xn are zero. 
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We then write a'^F e Q'^{M, Um) as 

n 
k=l 

with Fk G fi2(M), so = ELi Xk^Fk. 

Lemma 3.9. // (M, /) is complex, then the induced almost complex 
structure Iw on a twist W is integrable if and only if 

(i) (F2,„i + zF2,)0'2 = 0, /or J = 1, . . . , s, and 

(ii) Ffc G A^'S /or /c = 2s + 1, . . . , r. 

Proof. By (13.21) . the integrability condition for Iw is (1 — = 0. 

Note that 

(1 - Cj)iXk ® Fk) = Xfc ® (1 - I)Fk - IXk ® /(i)(l - I)Fk 
For 2s < /c ^ r, Xfc and JX^ are linearly independent of Xj for all j ^ k, 

2 2 

so ri. = = For j ^ s, we should consider the components 

2j — 1 and 2j together. Let X = X2j-i, F(^i) = -^2^-1, -^{2) = -^2j and 
F(c) = + «-F(2)- Now, since and F(2) are real, we get 

(1 - Cl){X2j-l ® F2,-„i + X2, ® F2,-) 

= 2X ® (Ff + - .Fjf + ) 

+ 2/X ® + Fgf + - ) 
= 4Re((X-^/X)®F°')') 

and the result follows. □ 

4. Hermitian and SKT structures 

Suppose {g, I) is a Hermitian structure on M, meaning that / is 
integrable and gllX, lY) = g{X, Y) for all X,Y e TM. Then there is a 
unique connection with skew-symmetric torsion preserving I and g 
\T7\ . This is known as the Bismut connection, due to its appearance 
in [5], and is given by 

= V^^ + iT^, c = (T^)^ = -Idooi, (4.1) 

where uJi{X,Y) = g{IX,Y). 

Definition 4.1. The triple {g, I, V^), or equivalently {g, I, c), is known 
as a KT structure. It is strong or SKT if = 0. 
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Let US consider how the torsion form c of a KT manifold changes 
under a twist. We use the notation of ^ so that Am = A"- is a con- 
nected Abelian group acting on M in such a way that there is a smooth 
twist W given via curvature F G fi|(M, ap), Ap = A"', and lifting func- 
tion a G fi°(M, ap (g) all). 

Proposition 4.2. Suppose the action of Am preserves a Hermitian 
structure {g, I) on M with torsion form c. If {F, a) are such that the 
twist has Iw integrahle, then W is a KT manifold with torsion given 
by 

cw c- a-^IF (4.2) 

Proof. By construction Iw is compatible with gw- We thus have uf^ ^ 
ujj and that c is invariant under Am- Now the result follows from 

by Corollary 13. 6[ □ 

Many examples of this construction may be given by considering any 
free T"-action on a Hermitian manifold and choosing a Hamiltonian 
two-form F G n|(M, M*^). As we will see below, this often produces 
Hermitian structures that are not of Kahler type. 

It follows from (14.21) that the exterior derivative of the torsion satisfies 

dcw -i^dc- a-^ (F A J c) + d{IF) A^^ + IFA d^) 

+ (a-'Y {g{^, OF A IF + F A J IF) A t (4.3) 

-(e^F) AJFAe'). 

Note that if F is of type (1, 1), the instanton case, then this simplifies 
to 

dew ~r dc - a-'F A ((^ j c) + t/^^ - gi^, Oa-^F) . (4.4) 

Using these last two expressions it is now possible to give a number 
of examples of compact simply-connected SKT manifolds. 

4.1. Instanton twists from tori. First note that any Kahler mani- 
fold is SKT since it has c = 0. Let N be an SKT manifold and consider 
the product M = N x T'^, where is a 2-torus with an invariant, so 
fiat, Kahler metric. Then M is SKT with torsion supported on N. Let 
^ be the torus action on the T^-factor. We have ^ jc = and d^^ = 0. 
If F G ^ziN, Op) with ap = M^, then ^ jF = and a is a constant 
isomorphism Om cip- Choosing bases we may write ^ = (Xi,X2), 
a-'F = {F,,F2). 
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Suppose now that F is of type (1, 1). Then the twist W is Hermitian 
and the SKT condition becomes 

2 

^(7(X„X,)F,AF, =0. 

Taking = C/(Z + zZ) with the standard metric, we may choose Xj 
orthonormal and a the identity matrix, the strong condition reduces to 
+ F| = with Fi G fi^'^(X). 

Example 4.3. Let X = Si x S2 a product of Riemann surfaces and take 
[Fi] to be the fundamental class on the zth factor. The twist W is then a 
product of non-trivial circle bundles over the Riemann surfaces. When 
each Ej has genus 0, the twist W is topologically the product x 
and we obtain the Calabi-Eckmann complex structures The torsion 
form cw is a sum of volume forms on the two factors. In general, the 
constructed SKT structure only has T^-symmetry, and even that may 
be destroyed by adding iddf to the Kahler form uY for / G C°^{W) 
with suitably small C^-norm. <) 

To construct further examples of this type, note that Eells & Lemaire 
[TT] showed that for an almost Kahler manifold X, any non-constant 
holomorphic map /: X CP(1) has [/*a;cp(i)] ^ in H'^{X, Z). Thus 
if N is Kahler and admits a non-constant holomorphic map to CP(1), 
we get a two-form 

$(/) = 27rr^cp(i)efi^''(iV) 

with $(/)^ = 0. Furthermore such a map / will exist whenever N 
admits a non-constant holomorphic map to some compact Riemann 
surface. 

Example 4.4. Consider the Kummer construction of a K3 surface N as 
the resolution of X/{±1}, where X = T^ = C^/iZ + iZf, obtained by 
blowing up the 16 singular points. Note that the Weierstrass p-function 
p: C — s> CP(1) descends to and satisfies p{z) = p{—z), so each 
factor C of defines a non-constant holomorphic map pi : X/ {±1} — ^ 
CP(1), which we may then pull-back to the desingularisation N. The 
classes [<l>{pi)] are inequivalent in Hl^{X / {±1} , Z) = {H^{X,Z))^\ 
indeed A $(^2)] is non-zero in H'^{N). 

Taking Fi = i = 1,2, we see that M = N x may be 

twisted to an SKT 6-manifold W with finite fundamental group. Taking 
the universal cover, we thus obtain a compact simply-connected SKT 
manifold, that is a T^-bundle over the K3 surface N . We will see below 
that W is not Kahler. 
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These examples generalise as follows, cf. [20] and [T9] . 

Proposition 4.5. Let N be a compact simply- connected SKT manifold. 
Suppose that for some even integer n = 2k, there are n closed integral 
{l,l)-forms Fi G Vtl^^^N) with [Fi] G iJ^(A^, M) linearly independent 
and such that 'Yj^j=i lijFi ^ Fj = for some positive definite matrix 
{'-fij) G M„(]R). Then there is a compact simply- connected T'^ -bundle 
W over N whose total space is SKT. 
Moreover, 

(i) no complex structure on W compatible with the fibration to N 
is of Kdhler type; 

(ii) if b2{N) = n, then the topological manifold W admits no Kdh- 
ler metric. 

Proof. We take W to be the twist of x T", where the flat Kahler 
metric on T" = ]R"/Z"^ is given by (7jj) with respect to the standard 
generators with a compatible complex structure: from the classification 
of quadratic forms {•jij) = Q^Q and we may then take / = Q^^IqQ, 
where /q is the standard complex structure on = C*^. Then the 
discussion above shows that W is SKT. Topologically is a principal 
torus bundle over N with Chern classes [Fi]. As the [Fi] are linearly 
independent, the exact homotopy sequence shows that W has finite 
fundamental group and its universal cover 1^ is a compact simply- 
connected SKT manifold. Furthermore, W is itself a T"-bundle over 
with Chern classes [F/] , rational linear combinations of the [Fi] , linearly 
independent over M. 

For the second part, the projection W ^ N is holomorphic, with 
complex fibres that are homologous to zero. But any complex sub- 
manifold of a Kahler manifold is non-zero in homology, so the complex 
structure on W can not be of Kahler type. 

For the last part, we use the Leray spectral sequence to compute 
b2{W). We have E^'^ = Hp{N) ® //"(T"). As the [F^] are linearly 
independent, we see that the map EI^''^ E'^''^^^ , c?2[^ii,,,,,ij = 
Yl'j=i{—^y^^[Fl.]^[9'.^ . ] is injective for each g ^ 1. In particular, 

-^3'^ = {0} and is zero on Ef^''^ for p,q ^ 2, so the spectral sequence 
stabilisers at level E^ for these terms. This gives 
2 

b^iW) = J2 dim(Ef = + + b2{N) -n = b2{N) -n. 

i=0 



In particular, when b2{N) = n, we find b2{W) = and so W admits 
no Kahler metric. □ 
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Example 4.6. Let A^o be a simply-connected projective Kahler manifold 
of real dimension 4. Fix an embedding Nq C CP(r). Then a generic 
linear subspace F{V) C CP(r) of complex dimension r — 2 meets Nq 
transversely at a finite number of points pi, ■ ■ ■ ,Pd- Choose homoge- 
neous coordinates [zo, . . . ,Zr] on CP(r) so that P(V) = {zq = = zi). 

Then the blow-up CP(r) of CP(r) along F{V) is 

CP(0 = {{[zo, Zrl [w^.wi]) : z^wi = z,w^] C CP(r) x CP(1). 

Let TTi and 7r2 denote the projections to the first and second factors of 
CP(r) X CP(1). Then A^i = n'^iNo) is the blow-up of iVo at pi, . . . ,pd, 
and / = vr2|Ari is a non-constant holomorphic map from Ni onto CP(1). 
As above, / defines = $(/) e ^/{Ni), non-zero in cohomology 
with F2 = 0. 

Iterating this construction, we find that for any n = 2k there is a mul- 
tiple blow-up N of A^'o that satisfies the hypotheses of Proposition [45] in 
the form Yl^=i = ^i^d hence N is the base of a simply-connected 
SKT manifold of dimension n + 4. (} 

Example 4.7. Let G be an even-dimensional compact Lie group. This 
carries an SKT structure with the complex structure of Samelson [33j 
and a bi-invariant metric [34j . Let T be the maximal torus of G. Then 
one may twist G to IV = G/T x T. The space G/T is the maximal fiag 
manifold and so Kahler, and T has even rank. By duality of the twist 
construction, we may thus obtain the SKT structure of G by twisting 
the Kahler manifold G/T x T. <} 

4.2. Non-instanton twists. If M is a torus, then M can be repeat- 
edly twisted to produce nilmanifolds. Indeed every nilmanifold may be 
produced this way, cf. |37]. From the results of Fino, Parton & Sala- 
mon |T3] for SKT structures on 6-dimensional nilmanifolds, we can see 
that non-instanton twists are necessary to produce all such examples. 
We now demonstrate that there are simply-connected SKT manifolds 
obtainable from non-instanton twists over K3 surfaces. 

Let iV be a K3 surface. Yau's proof of the Calabi conjecture shows 
that N admits hyperKahler metrics {g,ui,ujj,u!K)- From Looijenga's 
Torelli theorem [25] for period maps of K3 surfaces there is a hyper- 
Kahler metric g whose Kahler classes a)/, uj, Cjk have integral periods. 
Consider M = x as above, with the product Kahler metric for 
= C/(Z + ilj) standard and any Kahler metric on which is Her- 
mitian with respect to / from the hyperKahler triple. We twist M 
using (Fi,F2) = {F^ + Cjj,F^ + ujk) with F^ of type (1, 1) with respect 
to /. Note that ujj + iCjk is of type (2, 0) with respect to /, so the 
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almost complex structure Iw on the resulting twist W is integrable by 
Lemma [3.9[ The condition for W to be SKT is now 

d{IFi) A Xl + d{IF2) AX^ + FiA IFi + F2 A IF2 = 0. 

We have (JFi, IF2) = (F^ - uj, F^ - Cok), so find d{IFi) = and the 
SKT condition reduces to {F^^ + {F^Y = + ^"k- As u] = Cj'^j = 
for any hyperKahler metric in dimension 4, we can solve the SKT 
equations by taking F° = SiUJi, G {±1}. The resulting T^-twists are 
then SKT with finite fundamental group and their universal covers W 
are the promised manifolds. As above the complex structure admits 
no compatible Kahler metric. One may compute b2{W) = 20 and 
bsiW) = 42. From this one can see that W is not a product of smaller 
dimensional manifolds. 

4.3. Complex volume forms. If (M, J) is a complex manifold with 
trivial canonical bundle, it is natural to ask which twists W also enjoy 
this property. 

Proposition 4.8. Suppose the twist (W, Iw) of (M, /) via C,, F and a 

is complex. If (M, J) carries an invariant complex volume form Q, 
then the -related form Qw is a complex volume form on {W, Iw) if 
and only if 

a-'^^F'^' = 0, 
where F^'^ = i(F + IF) is the (1, l)-part of F . 

Proof. Let dime M = m. A section of A™'*^ is holomorphic only if it is 
closed. We have 

dQw dQ - a-^F A ^ j 6 = -a'^F A ^ j 9, 

so we need to determine when the right-hand side vanishes. This is a 
pointwise computation and we may thus use Lemma [3^ 

In the notation of Lemma [3^91 we wish to compute X]r=i Fj A Xj j 6. 
Note that X j 6 is of type (m - 1, 0) and that /X j 9 = iX j 6. Now, 
for k > 2s, we have F^ = F^^'^'*, whereas for j ^ s, F2j-i A X2j-i j + 

F2jAX2j J e = F(i) AX J e+F(2) A/x J e = F(,) AX J e = F^^^AX J e, 

as F(^;° AXj0 G A'^+i'O = {0}. However, for any (1, l)-form F we 
have F A e = 0, so (X J F) A e + F A (X J 0) = 0. This gives 

n n n 

F, A X, J e = 5^ i^,^'^ A X, J e = - (5^ X, J F/'^) A e. 

i=l i=l i=l 

The result follows from the fact that ■ A B : A^ — > A™'^ is an M-linear 
isomorphism. □ 
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5. Hypercomplex and HKT geometry 

We now turn geometries with multiple complex structures. An al- 
most hypercomplex structure on a manifold M is a triple of tangent 
bundle endomorphisms I, J,K E End(TM) satisfying the identities 

I^ = -1 = J^ = K^ IJ = K = -JI. 

The first identities say that /, J and K are almost complex structures. 
If these three are integrable complex structures we then have a hyper- 
complex structure on M. A metric g satisfying g{IX, lY) = g{X, Y) = 
g{JX,JY) = g{KX,KY) for all X,Y e TM is said to be almost 
hyperHermitian. 

Definition 5.1. An almost hyperHermitian structure {g,I,J,K) is 
hyperKahler with torsion or HKT if 

Iduj = Jdujj = KdojK-i (5.1) 

where a;/(X,F) = g{IX,Y), etc. 

In pTj it was shown that HKT structures are always hypercomplex, a 
condition that was previously included in the definition of HKT, cf. [2l] . 
Equation (15. ip is now the condition that the Bismut connections for 
{.9,1). i9,J) and ig,K) agree. 

The results of §^ and [4] may now be applied to these structures. 
Firstly, a direct consequence of Proposition [42] and equation (15.11) is: 

Proposition 5.2. Suppose M is an HKT manifold with twist data 
F, a) and that the action C, preserves the HKT structure. Then the 
twist W of M by {C,, F, a) is HKT if and only if 

a-^IF A = a~^JF = a~^KF A ^\ (5.2) 

□ 

5.1. Instanton HKT twists. The condition ( 15.21) is satisfied by any 
instanton, meaning F G S'^E^Up, where S'^E = A]'^ f] Aj''^ f] A]^^ . This 
immediately gives many examples. 

Consider the following building blocks; we need both integral Hamil- 
tonian instantons and torus symmetries. 

(i) Tori T^'' = M'^/A, M = A = Z^'^ a lattice. These are hy- 
perKahler, so HKT. They carry no Hamiltonian instantons, but supply 
symmetries. 

(ii) Compact irreducible hyperKahler manifolds. Passing to the uni- 
versal cover, we may take these to be simply-connected. These give 
a rich supply of integral instantons. One family of examples are pro- 
vided by K3 surfaces M; here the instanton condition is just that F be 
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self-dual; by the Torelli theorem there are examples where the integral 
instantons form a lattice of rank 19. Notice that these have no Killing 
vectors, since they are compact Ricci-flat and irreducible. 

(iii) Compact groups and related homogeneous spaces. If G is a 
compact, simple Lie group, then there is a torus such that G x 
equipped with a bi-invariant metric is hkt [21]. The hypercomplex 
structure was determined by Joyce [23] and the minimal value of r 
may be found in [HH Table 1]. In particular, SU(2n + 1) carries an 
HKT structure for all n. These structures admit hkt deformations 
with torus symmetry cf. [3l]. Also, some of these homogeneous HKT 
structures descend to homogeneous spaces {G/H) xT^, see [29] . Again, 
the spaces G x carry no Hamiltonian instantons, but do supply 
symmetries. 

(iv) Squashed 3-Sasaki structures. A Riemannian manifold (^, Hq) 
of dimension 4n — 1 is 3-Sasaki if the cone x 'R,gQ = dr^ + r'^ho) 
is hyperKahler with complex structures invariant under X = rd/dr. 
The metric is then Einstein with positive scalar curvature, so if ^ 
is compact then 7ri(^) is finite. Passing to the universal cover we may 
assume y is simply-connected. Rescaling go with different weights 
along and transverse to the quaternionic span of X, one may produce 
an HKT metric g = dt^ + h that descends to ^ x S"^ such that X acts a 
triholomorphic isometry [30]. Galicki & Salamon showed that harmonic 
2-forms for are instantons and orthogonal to the quaternionic span 
of X, so these are also instantons for the hypercomplex structure on 

X S^. Thus any 5^ with 62 (-^) > provides integral Hamiltonian 
instantons on ^ x S'^. Many such examples of 3-Sasaki manifolds 
have been constructed by Boyer, Galicki and their coworkers, see [7J; 
in particular, there are inhomogeneous examples in dimension 7 with 
arbitrarily large &2(-^)- Moreover, such ,y often admit non-trivial 
isometrics preserving both the HKT structure of ^ x S'^ and and 
hence the above mentioned instantons. Thus the manifolds y x S"^ 
provide a rich source of symmetries too, including free actions that 
have ^ non-zero. 

The hypotheses of the following Theorem are satisfied by an HKT 
space M that is a product of manifolds of the four types above and the 
additional torus factors needed in types (Jmj) and (Jivj). The existence 
of an appropriate Hamiltonian instanton F is guaranteed if there are 
sufficiently many factors of type ^ or type with large &2(-^)- 

We say that a group action on a product Ax B projects transitively 
to B if the action preserves the product structure, so g ■ (a, b) = {g ■ 
a,g-b), and the induced action on the second factor B is transitive. 
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Theorem 5.3. Let M = MqxTp be a compact hkt manifold of dimen- 
sion 4m, p = bi{M). Suppose T" acts freely on M preserving the hkt 
structure, projecting transitively to and preserving a Hamiltonian 
instanton F G f2|(M) of rank n in H^{M,in). Then there is a finite 
cover W of a twist W of M via F that is a compact simply- connected 
HKT manifold. 

Here the rank of F in H^{M, t„) is the rank of [F] as a linear map 

Proof. From the discussion of the building blocks we see that the Hamil- 
tonian instanton F is the pull-back of a form Fq on Mq. Then the 
twisting bundle P ^ M = Mq x Tp is Pq x Tp, where Pq Mq is 
a principal T"-bundle with curvature Fq. As [F] has rank n, the fun- 
damental group of Pq is finite. The lifted T"-action Tm is free and 
projects transitively to TP. In particular, W = P/Tm is diffeomorphic 
to a quotient of Pq by the free action of a compact group and so ni{W) 
is finite. However, by Proposition 15.21 the instanton condition also 
ensures that W is hkt. □ 

For example, this Theorem gives hkt metrics not only on torus 
bundles of rank 4, 8, 12 and 16 over a single K3 surface, but also 
on certain bundles with fibre SU{n + 1) or ^ x S"^ for a 3-Sasaki 
manifold 

Note that Verbitsky [39] constructs hkt metrics on vector bundles 
out of instanton connections, but the resulting compact quotients are 
never simply-connected. 

5.2. Special Obata holonomy. If (M"^'", J, J, K) is any hypercom- 
plex manifold, then there is a unique torsion-free connection V*"**^ pre- 
serving the complex structures |28| . This implies that the holonomy of 
V*^*^ lies in the group GL(m, H). Verbitsky [40] showed using a version 
of Hodge theory for hkt manifolds, that if M is hkt and the canonical 
bundle is trivial then the holonomy reduces to the subgroup SL(m, H). 
The following is a simpler result that will be sufficient for our purposes. 

Proposition 5.4. Let (Af'", J, J, K) be a hypercomplex manifold with 
trivial canonical bundle. Lf M admits a complex volume form with 
respect to L that satisfies JQ = Q, then the Obata connection has 
holonomy in SL(m, H). 

Proof. As V^*^ preserves the complex structure J, we have V°^6 = 
6^® 6 for some one-form 9 G f2^(M, C). Now V^*^ is torsion-free, so dQ 
is the alternation of V°^e and = rfG = A 6 = 0°'^ A 6 G fi2™'i(M), 
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where type decompositions are with respect to /. We conclude that 
= 0. 

Now V°*^ preserves J too, so e{X)JQ = JVf^Q = Vf^i-JO) = 
V°^0 = 9{X)JQ for any tangent vector X. This shows that 6^ is a 
real one-form, and from 9^'^ = we find that 9 = 0. Thus 9 is Obata 
parallel and 6 A 6 is a parallel real volume form for V*""^. □ 

Theorem 5.5. The spaces of Theorem \5.3\ built using factors of type 
(El) and (EI]) are simply- connected hypercomplex Am-manifolds with ho- 
lonomy contained in SL(m, H). 

Proof. The given factors are hyperKahler, so 6 = {uj + iux)"^ is a 
complex volume form on M = Mq x T^. In our case Mq is a product of 
compact irreducible hyperKahler manifolds, the twisting form F is the 
pull-back of a form on Mq, whereas the group action of Tm is simply 
that of the factor T^. So a~^^ jF = and Proposition 14.81 implies that 
W has holomorphically trivial canonical bundle with complex volume 
form Qw = (^7 + iuJ^)"". But JQw = {J^J + iJ^xT = i^Y - 
iuj^)"^ = Qw The result now follows from Proposition I5.4[ □ 

In particular, this constructs examples on instanton torus bundles 
over products of K3 surfaces. 

The other building blocks of type ([m]) and (Ev]) described above typi- 
cally do not have Ci = and so can not be used in the construction of 
Theorem 15.51 

5.3. Non-instanton HKT twists. Let us note that hkt twists of 
the type in Proposition 15.21 need not come from instantons, at least in 
the non-compact case. 

Example 5.6. Let M = M>o x C M/{Zi + Zj + Zk) with the fiat 
hyperKahler structure. Let Xq = d/dx^ be the generator of the first 
factor, so that Xi = IXq, X2 = JXq and X3 = KXq generated the 
three circle factors of T^. Let 60, &2, &4 be the (unit length) dual 
one-forms. Put Fj = /\hi = 601, Fj = 692 and F^ = 603 • Then 
Xi_i Fi = -bo = = XajFj = X^jFk, with all other jF^ 

zero. We may thus take a = — diag(x°, Then 

a-'lF At = -^{IFi A 61 + IFj A 62 + IFk A 63) 

= -^(0 + 613 A 62- &12 A 63) 

= jTfei23 = a-'jF Ae = a-'KF A 

Thus we may twist to obtain a new HKT metric, even though F ^ 
S'^E ® ap since JFi ^ Fj. 
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5.4. Hypercomplex manifolds that are not HKT. Proposition l3.8l 
directly tells when hypercomplex structures are preserved by the twist 
construction. 

Proposition 5.7. Suppose that M is hypercomplex with twist data 
F, a) and that the action ^ preserves the hypercomplex structure. 
Then the twist W is hypercomplex if and only if 

Cjjr = jr = Cjjr = £^jr. 

□ 

Let us use this to give examples of compact simply-connected hyper- 
complex manifolds that are not HKT. 

Let be a hyperKahler K3 surface N for which the three Kahler 
forms ui, ujj and ujk have integral periods, cf 14. 2[ Take M to be the 
product N X with the hyperKahler torus = {S^Y = H/Z^ and 
let Xq, Xi = IXq, X2 = JXq, X3 = KXq be vector fields generating 
the four circles. Let lvq be any non-zero self-dual element of f2|(A^). 
Then uq is of type (1, 1) with respect to each complex structure. 

Now twist M by = Xo Fo + Xi (g) F/ + X2 ® Fj + X3 (g) Fk, 
where F4 = hI^ua is the pull-back of lja- Since Xj JF4 = we may 
take the twisting function a to be the identity matrix. The resulting 
twist W has a finite fundamental group and so its universal cover W 
is simply-connected. We have 

= Xo ® Fo + Xi ® F/ + Re((X2 - iXg) ® (Fj + iF^)) 

gT®A}'' + |T;'°®A^'°], 

so CjJ-" = JF, and similarly for /, J and K. Thus, W is hypercomplex, 
by Proposition 15. 7[ However, Proposition 15.21 shows that the geometry 
on W is not HKT, since M is HKT and 

a'^IF A = Fo A 60 + F/ A 61 - Fj A 62 - Fk A 63 

^ a"VF A^^ = Fo Abo - Fi Abi + Fj Ab2- Fk A &3, ^^'^"^ 

where bi = X\. 

I claim that the hypercomplex structure on W admits no compatible 
HKT metric. Suppose for a contradiction that Qq is an HKT metric on 
{W , I , K). As the hypercomplex structure on W is constructed via 
the twist construction it is T^-invariant. Averaging Qq over T^iiW) and 
then the principal T'^-action gives a metric gi on W that is still HKT 
since the HKT condition is linear and invariant under tri-holomorphic 
pull-backs. Untwisting W gives the original product hypercomplex 
structure on X x and a hyperHermitian metric g2 on N x which 
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is T^-invariant. As all hyperHermitian metrics on a four-dimensional 
vector space are proportional, we may write 

3 3 
j=0 i=0 

where qn is the hyperKahler metric on ai G Q}{N), ai = Jao, etc., 
and f,hE C°°{N) are positive (pull-backs signs have be omitted). 
Let 00^^ denote the Kahler forms of gi. Then 

Iwduf-^ Idf Alji + Idh A (6oi + ^23) 

- 2 ^ 6, A Idai + ^IFiA (h h + a^). 

i=0 i=0 

For W HKT, we have Iwduj^p = Jwduj'j^ = Kwduj^^\ Using (lOl) 
and considering the coefficient of 601 gives Idh = 0, so /i is constant. 
Looking at the coefficient of bi, we find 

2{Idai) -hIFi = 2{Jdai) - h JF, 

= 2{Kdai) -hKFi. ^^'^^ 

For i = 0, this gives Ida^ = Jda^ = Kdao, so da^ is self-dual on the 
compact space and therefore zero. As bi{N) = 0, we may write 
ao = d(j), for some (p G C"^(A^). 
Equation (15. Sp for i = 1, is 

2{Idai) - huji = 2{Jdai) + huj = 2{Kdai) + huj. (5.6) 

This first gives that Jdai = Kdai, so dai G A)'^. Writing dai = 
(3 + Aw/, with (3 G Vt\{N), gives J dai = (3 — Acu/ and (15. 6p implies 
A = /i/2, which is constant. 

However, ai = lao = Idcj) and so A = A^v^, where A^v is the Lapla- 
cian of the hyperKahler metric g^. Since A^v has image orthogonal to 
the constant functions, we conclude that A = and hence h = 0, con- 
tradicting the positive definiteness of g2. Thus gi can not be HKT and 
the hypercomplex structure on W admits no compatible HKT metric. 

To summarise: 

Theorem 5.8. There are compact simply- connected hypercomplex 8- 
manifolds that admit no compatible HKT metric. Moreover these exist 
with Obata holonomy contained in SL(2,EI). 

Proof. It remains to prove the final assertion. However, the twist 
W constructed above starts from an hyperKahler manifold and has 
a~^^ jF^'^ = 0, so as in the proof of Theorem 15.51 the Obata holonomy 
reduces. □ 
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Theorem 5.9. There are non-trivial compact simply- connected hyper- 
complex manifolds in all dimensions Am ^ 8 that admit no compatible 
HKT metric. Furthermore, examples exist with holonomy in SL{m, M) . 

The examples constructed are torus bundles over a product base and 
by 'non-trivial' we mean that the structure does not split as a product 
of torus bundles over a product of factors of the base. 

Proof. Let Wo be the 8-dimensional example constructed above. Un- 
twist the symmetry Xq by Fo to get the hypercomplex manifold Wi = 
X By. Let M2 be a product of (m — 2) factors that are each K3 
surfaces with a fixed choice of non-zero integral self-dual 2-form 
Twisting the factor of Wi by F = Fq + + ■ ■ ■ + -F(m-2) we a obtain 
a 4m-dimensional hypercomplex manifold W2 with finite fundamental 
group and Obata holonomy in SL{m, H) . The universal cover W2 of 
W2 is the required example. 

The hypercomplex manifold W2 admits no compatible HKT metric, 
since any potential HKT metric may be averaged so that it descends to 
a torus invariant HKT metric on W2 and then twisted to an HKT metric 
on M X Wq. As Wq is a hypercomplex submanifold of M x Wq such 
an HKT metric would restrict to an HKT metric on Wq itself, but that 
is a contradiction. Thus W2 carries no compatible HKT metric. □ 

Using the squashed 3-Sasaki building blocks of §5.11 one may obtain 
examples with Ci non-zero and so Obata holonomy not in SL(m, H). 
In dimension 8 we can prove a more general non-triviality result. 

Theorem 5.10. Any compact hypercomplex 8-manifold that does not 
admit an HKT metric is not a non-trivial product of smaller dimen- 
sional hypercomplex manifolds. 

Proof. Suppose that is such a product A^i x A^2 with Ni hypercom- 
plex. Then each Ni has dimension 4. However Boyer |6| showed that 
any compact hypercomplex 4-manifold is either T^, a K3 surface or 
X S^. But each of these examples admits a compatible HKT metric, 
and the product structure on M = A''i x A^2 is then HKT, contradicting 
the hypotheses. □ 

References 

[1] Semyon Alesker and Misha Verbitsky, Quaternionic monge-ampere equation 
and calabi problem for hkt-manifolds, eprint arXiv : 0802 . 4202 [math. CV] , Feb- 
ruary 2008. 

[2] B. Banos and A. F. Swann, Potentials for hyper-Kcihler metrics with torsion, 
Classical Quantum Gravity 21 (2004), no. 13, 3127-3135. 



TWISTING HERMITIAN AND HYPERCOMPLEX GEOMETRIES 



25 



[3] M. L. Barberis, I. Dotti Miatello, and M. Verbitsky, Canonical bundles of 
complex nilmanifolds, with applications to hypercomplex geometry, December 
2007, eprint 'arXiv : 0712 . 3863 [math . DG] , 

[4] E. Bergshoeff, C. Hull, and T. Ortm, Duality in the type-II superstring effective 
action, Nuclear Phys. B 451 (1995), no. 3, 547-575. 

[5] J.-M. Bismut, A local index theorem for non-Kdhler manifolds, Math. Ann. 
284 (1989), no. 4, 681-699. 

[6] C. P. Boyer, A note on hyperHermitian four-manifolds, Proc. Amer. Math. Soc. 
102 (1988), 157-164. 

[7] Charles P. Boyer and Krzysztof Galicki, Sasakian geometry, Oxford Mathemat- 
ical Monographs, Oxford University Press, Oxford, 2008. 

[8] T. H. Buscher, A symmetry of the string background field equations, Phys. Lett. 
B194 (1987), 59. 

[9] Eugenio Calabi and Beno Eckmann, A class of compact, complex manifolds 
which are not algebraic, Ann. of Math. (2) 58 (1953), 494-500. 

[10] Gil R. Cavalcanti, Reduction of metric structures on Courant algebroids, J. 
Symplectic Geom. 4 (2006), no. 3, 317-343. 

[11] James Eells and Luc Lemaire, Selected topics in harmonic maps, CBMS Re- 
gional Conference Series in Mathematics, vol. 50, Published for the Conference 
Board of the Mathematical Sciences, Washington, DC, 1983. 

[12] A. Fino and G. Grantcharov, Properties of manifolds with skew- symmetric 
torsion and special holonomy. Adv. Math. 189 (2004), no. 2, 439-450. 

[13] A. Fino, M. Parton, and S. M. Salamon, Families of strong KT structures in 
six dimensions. Comment. Math. Helv. 79 (2004), no. 2, 317-340. 

[14] Anna Fino and Adriano Tomassini, Blow-ups and resolutions of strong Kahler 
with torsion metrics, April 2008, eprint larXiv : 0804 . 0397 [math . DG] [ 

[15] S. J. Gates, Jr., C. M. Hull, and M. Rocek, Twisted multiplets and new super- 
symmetric non-linear a -models, Nucl. Phys. B 248 (1984), 157-186. 

[16] P. Gauduchon, Connexion canonique et structures de weyl en geometric con- 
forme, preprint, Juin 1990. 

[17] , Hermitian connections and Dirac operators. Boll. Un. Mat. Ital. B (7) 

11 (1997), no. 2, suppL, 257-288. 

[18] G. W. Gibbons, G. Papadopoulos, and K. S. Stelle, HKT and OKT geometries 
on soliton black hole moduli spaces. Nuclear Phys. B 508 (1997), no. 3, 623- 
658. 

[19] E. Goldstein and S. Prokushkin, Geometric model for complex non-Kdhler 
manifolds with SU{3) structure, Commun. Math. Phys. 251 (2004), no. 1, 65- 
78. 

[20] D. Grantcharov, G. Grantcharov, and Y. S. Poon, Calabi-Yau connections with 

torsion on toric bundles, J. Differential Geom. 78 (2008), no. 1, 13-32. 
[21] G. Grantcharov and Y. S. Poon, Geometry of hyper-Kahler connections with 

torsion. Comm. Math. Phys. 213 (2000), no. 1, 19-37. 
[22] P. S. Howe and G. Papadopoulos, Twistor spaces for hyper-Kahler manifolds 

with torsion, Phys. Lett. B 379 (1996), no. 1-4, 80-86. 
[23] D. Joyce, Compact hypercomplex and quaternionic manifolds, J. Differential 

Geom. 35 (1992), 743-761. 



26 



ANDREW SWANN 



[24] R. K. Lashof, J. P. May, and G. B. Segal, Equivariant bundles with abelian 
structural group, Proceedings of the Northwestern Homotopy Theory Confer- 
ence (Evanston, 111., 1982) (Providence, RI), Contemp. Math., vol. 19, Amer. 
Math. Soc, 1983, pp. 167-176. 

[25] Eduard Looijenga, A Torelli theorem for K Shier- Einstein K3 surfaces, Ge- 
ometry Symposium, Utrecht 1980: Proceedings of a Symposium Held at the 
University of Utrecht, The Netherlands, August 27-29, 1980 (E. Looijenga, 
D. Siersma, and F. Takens, eds.). Lecture Notes in Math., vol. 894, Springer, 
Berlin, 1981, pp. 107-112. 

[26] M. Liibke and A. Teleman, The universal Kobayashi-Hitchin correspondence 
on Hermitian manifolds, Mem. Amer. Math. Soc. 183 (2006), no. 863, vi+97. 

[27] F. Martin Cabrera and A. F. Swann, The intrinsic torsion of almost 
quaternion-hermitian manifolds, Ann. Inst. Fourier 58 (2008), no. 5, 1455- 
1497. 

[28] M. Obata, Affine connections on manifolds with almost complex, quaternion 
or Hermitian structure, Japan J. Math. 26 (1956), 43-77. 

[29] A. Opfermann and G. Papadopoulos, Homogeneous HKT and QKT manifolds, 
July 1998, DAMTP-1998-93, eprint math-ph/9807026. 

[30] L. Ornea, Y. S. Poon, and A. Swann, Potential one-forms for hyperkdhler 
structures with torsion. Class. Quantum Grav. 20 (2003), 1845-1856. 

[31] H. Pedersen and Y. S. Poon, Inhomogeneous hypercomplex structures on ho- 
mogeneous manifolds, J. reine angew. Math. 516 (1999), 159-181. 

[32] Martin Rocek and Erik Verlinde, Duality, quotients, and currents. Nuclear 
Phys. B 373 (1992), no. 3, 630-646. 

[33] H. Samelson, A class of complex- analytic manifolds, Portugaliae Math. 12 
(1953), 129-132. 

[34] Ph. Spindel, A. Sevrin, W. Troost, and A. Van Proeyen, Extended supersym- 
metric a-models on group manifolds. I. The complex structures. Nuclear Phys. 
B 308 (1988), no. 2-3, 662-698. 

[35] A. Strominger, Superstrings with torsion. Nuclear Phys. B 274 (1986), no. 2, 
253-284. 

[36] A. F. Swann, T is for twist. Proceedings of the XV International Workshop on 
Geometry and Physics, Puerto de la Cruz, September 11-16, 2006 (Madrid) 
(D. Iglesias Ponte, J. C. Marrero Gonzalez, F. Martin Cabrera, E. Padron Fer- 
nandez, and Sosa Martin, eds.), Publicaciones de la Real Sociedad Matematica 
Espanola, vol. 11, Spanish Royal Mathematical Society, 2007, pp. 83-94. 

[37] , Quaternionic torsion geometry, superconformal symmetry and T- 

duality. Proceedings of the 'Workshop on Geometry and Physics: Special 
metrics and supersymmetry', Bilbao 2008 (L. C. de Andres, M. Fernandez, 
O. J. Garay, and L. Ugarte, eds.), to appear, IMADA preprint PP-2008-07 
|http : //bib . mathemat ics . dk/prepr int . php? id=IMADA- PP- 2008- 07 

[38] M. Verbitsky, HyperKdhler manifolds with torsion, supersymmetry and Hodge 
theory, Asian J. Math. 6 (2002), no. 4, 679-712. 

[39] Mikhail Verbitsky, Hyperholomorphic bundles over a hyper-Kahler manifold, J. 
Algebraic Geom. 5 (1996), no. 4, 633-669. 

[40] Misha Verbitsky, Hypercomplex manifolds with trivial canonical bundle and 
their holonomy, Moscow Seminar on Mathematical Physics. II, Amer. Math. 



TWISTING HERMITIAN AND HYPERCOMPLEX GEOMETRIES 



27 



Soc. Transl. Ser. 2, vol. 221, Amer. Math. Soc, Providence, RI, 2007, pp. 203- 
211. 

[41] E. Wittcn, String theory dynamics in various dimensions, Nuclear Phys. B 
443 (1995), no. 1-2, 85-126. 

(Swann) Department of Mathematics and Computer Science, Univer- 
sity OF Southern Denmark, Campusvej 55, DK-5230 Odense M, Denmark 
E-mail address: swann@imada.sdu.dk 



